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tremely sparse, thus allowing a very high time and memory efficiency.
The number of examples presented show a very good agreement
with previous studies and guarantee the general applicability of the
method. Finally, the last example is intended to serve as a reference
for later analyses.

APPENDIX

Definition of the submatrices involved in (9):
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Some Characteristics of Ridge-Trough Waveguide

Debatosh Guha and Pradip Kumar Saha

Abstract—A single-ridged waveguide with a symmetrical longitudinal
trough below the ridge, designated as a ridge-trough waveguide (RTW)
has been recently proposed as a wafer probe. The authors have theo-
retically calculated the cutoff, bandwidth, and impedance characteristics
of this modified single-ridged waveguide in two different configurations
using the Ritz–Galerkin technique and different domain decompositions.
The results indicate that a RTW can be a low impedance broad-band
structure.

Index Terms—Low impedance broad-band waveguide.

I. INTRODUCTION

In recent years microwave researchers have been paying attention
to developing transitions between the coplanar waveguide (CPW)
and other microwave transmission media for efficient utilization of
some of the advantages of the CPW (one of which is its suitability
in the design of microwave wafer probes [1]). A few rectangular
waveguides to CPW transitions have been reported which utilize
finline transitions [2], [3], modified ridged waveguides [4], [5], and
some other configurations [6], [7].

Of these structures, the ridge-trough waveguide (RTW) [5] has
attracted the authors’ attention, prompting them to analyze rectangular
waveguides with ridges and shaped septa which promise broad-
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(a) (b)

(c) (d)

Fig. 1. Cross-sectional views of the RTW in different configurations. Broken
lines indicate the aperture planes over which fields are matched. (a) Ridge
narrower than trough: configuration C1, formulation F1, (b) ridge wider than
trough: configuration C2, formulation F2, (c) configuration C2, formulation
F3, and (d) configuration C1, formulation F4.

band transmission characteristics. The RTW is another variant of
the conventional single-ridged guide (SRG) in which a centered
longitudinal trough is introduced on the broadwall below the ridge.
In [5], the RTW has been suggested in two configurations, shown in
Fig. 1(a) and (b). Only Fig. 1(a) has been studied experimentally as
the wafer probe. Quasi-static models of the RTW for calculating the
cutoff frequency and characteristic impedance of the lowest mode
are presented in [5].

The authors have theoretically determined the cutoff, bandwidth,
and impedance characteristics of the lowest TE mode of the RTW
to explore if it can be used as another broad-band transmission line.
The RTW appears to be suitable as broad-band mounts for active and
passive devices. The authors’ analysis is based on the Ritz–Galerkin
technique which is well suited to such configurations. Due to the
nature of the cross-sectional shape, the domain decomposition for
application of the technique can be done in several ways. This will
be discussed in the next section. There are very few results available
in the literature with which the authors’ data can be compared.
Nevertheless, the authors present their theoretical data as these are
new and should be useful in the design of the RTW.

II. RTW AND FORMULATION OF EIGENVALUE PROBLEM

The cross-sectional geometry of the RTW in two different configu-
rations is shown in Fig. 1(a) and (b). In the configuration of Fig. 1(a),
the ridge is always narrower than the trough (s < w) and, hence,
may penetrate the trough region leaving gapd at the bottom, as in
Fig. 1(d). This will be referred to as configuration C1. Fig. 1(a) also
shows one way of dividing the cross-sectional area (actually half the
area with a magnetic or electric symmetry plane along the center
line) which the authors shall refer to as formulation F1. The broken
lines indicate the aperture planes over which the subregional fields
are matched. Thus, F1 can solve only the structures havings < w,
but any gap heightd relative to the trough depthh.

In Fig. 1(b), the ridge is always wider than the trough (s >

w). This configuration will be referred to as C2 and the domain
decomposition indicated will be referred to as formulation F2. For
this configuration an additional dimensional parametere is introduced
only for convenience of presenting the numerical data. Fig. 1(c)
shows the configuration C2 with another possible formulation, F3,

(a)

(b)

Fig. 2. Normalized cutoff wavelength�c1=a of the RTW versus normalized
gap heightd=b.b=a = 0:45,—— h=b = 0:4, – – – –h=b = 0:2, –.–.–. SRG
(a) w=a = 0:5, and (b)w=a = 0:3.

which encompasses configuration C1 as well but ford > h only.
Fig. 1(d) shows the configuration C1 with formulation F4 which can
solve only the case of the ridge inside the trough (d < h).

Using these formulations, the TE eigenvalue equations have been
derived and solved for calculating the cutoff wavelengths of the
lowest and the first higher order TE modes from which the bandwidth
is determined. As the analysis is straightforward and the procedure
well documented (e.g., [8]–[11]), only the results of numerical
computation are presented. The gap-impedance data are also given for
the configuration C1 using the subregional fields of the formulation
F1.

III. N UMERICAL RESULTS AND DISCUSSION

The authors have mentioned four possible ways of dividing the
cross section and each formulation is capable of solving certain
configurations. The authors have carried out numerical calculations
using all four formulations mainly because it is not possible to
compare their results against some standard or known structures
except the single-ridged waveguide for which the trough itself is
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(a)

(b)

Fig. 3. Bandwidth�
cl=�c2 versusd=b. All parameters and denotations as

in Fig. 2. (a)w=a = 0:5 and (b)w=a = 0:3.

made to vanish in the limit. As will be observed below, the results
obtained from different formulations do not always have close mutual
agreement. The reason for such discrepancies for certain configura-
tions and certain dimensions is the nature of domain decomposition
(although in each case the relative convergence effect was found to
be insignificant). It is well known, and an inspection of Fig. 1(a)–(d)
will also reveal, that while writing the fields in the different domains
as summations of mode functions in separable forms with unknown
amplitude coefficients, it is not possible, in general, to exactly
satisfya priori the boundary conditions on all the waveguide walls.
Clearly this happens when at least one boundary of a domain is
a longitudinal discontinuity plane containing both conducting walls
as well as interfaces between adjacent domains. Fulfillment of the
boundary conditions on these conducting walls is enforced in the
formulation while applying the continuity of fields over the apertures
and expressing the unknown coefficients in terms of the unknown
aperture electric fields. The numerical results thus obtained show that
the vanishing of the tangential electric field is not exactly satisfied
over the conducting walls of the discontinuity planes. Matching of

TABLE I
NORMALIZED CUTOFF WAVELENGTH FOR RIDGE INSIDE THE TROUGH

COMPUTED FROM TWO DIFFERENT FORMULATIONS. b=a = 0:45; h=b = 0:4

Fig. 4. Gap impedance at infinite frequencyZg/ versus normalized gap
heightd=b. b=a = 0:45, w=a = 0:5, —— h=b = 0:4, – – – –h=b = 0:2,
–.–.–. SRG.

the TE fields over the apertures was also examined from the computed
field components. The pattern of the TE fields varies with the ridge
and trough dimensions as does the degree of matching for the same
number of field expansion terms. As such, one particular formulation
can not be conclusively accredited with the best accuracy for all
dimensions.

A. Ridge Narrower than Trough (Configuration C1)

In Fig. 2(a) and (b), the normalized cutoff wavelength�c1=a of
the lowest TE mode is shown as a function of the ridge gapd=b with
the ridge widths=a as a parameter for two sets of trough dimensions.
The graphical data obtained from formulation F1 are also presented
in tabular form in Table I for comparison of some spot values with
those obtained from formulation F4. It is noted that the difference in
the values obtained from the formulations F1 and F4 is significant
for some cases of wide ridges and narrow troughs.

An examination of Fig. 2(a) and (b) and the available SRG data
brings out the following features.

1 For normalized gap height ofd=b = 0:1, as an example, the
SRG shows a maximum value of 5.6 of�c1=a at s=a = 0:4.
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(a)

(b)

Fig. 5. Normalized cutoff wavelength�c1=a versus normalized ridge width
s=a. b=a = 0:45, —— w=a = 0:2 , – – – –w=a = 0:3, –.–.– SRG. (a)
h=b = 0:4. (b) h=b.

Thus, substantially higher cutoff wavelength of the lowest TE
mode can be realized with RTW having the ridge inside the
trough.

2 For a particular ridge widths=a, a narrow trough is more
effective in increasing�c1=a than a wider trough, the trough
depth remaining the same.

The maximum bandwidth�c1=�c2, where�c2 is the cutoff wave-
length of the first-order TE mode, available in the configuration C1, is,
however, a little lower than that of the SRG with the sames=a. This
can be seen from the data presented in Fig. 3(a) and (b), computed
with formulation F1. The figure show how the bandwidth decreases

TABLE II
NORMALIZED CUTOFF WAVELENGTH FOR RIDGE WIDER THAN TROUGH

COMPUTED FROM TWO DIFFERENT FORMULATIONS. b=a = 0:45; h=b = 0:4

as a ridge, initially inside the trough with a small gap at the bottom,
is withdrawn up and out of the trough.

The gap-impedance characteristics, calculated on a power-voltage
basis for a ridge narrower than the trough, is shown in Fig. 4, together
with one SRG curve for comparison. The impedance expectedly
increases with increasing gap heightd=b with other parameters
remaining constant. Introduction of the trough considerably lowers
the gap impedance compared to the SRG values. Also, a deeper
trough is more effective for realizing low impedance values than a
shallow trough. Furthermore, in comparison with the SRG for which
one has two ridge parameters to adjust, there are four ridge and trough
parameters in the RTW; these beingw=a, h=b, d=b, ands=a, allowing
for an achievement of a desired impedance level with more flexibility.

B. Ridge Wider than Trough (Configuration C2)

This configuration is more amenable to comparison with the
SRG since with vanishing of the trough the parametere=b (where
d = h + e, e 6= 0) reduces to the ridge gap parameterd=b of
the single-ridged waveguide. Thus, the effect of incorporation of a
trough below the ridge can be directly observed from the data. The
cutoff wavelengths, computed from the formulations F2 and F3 are
presented in Table II. The agreement between the two sets of data is
much better than in case of configuration C1. The cutoff wavelengths
as obtained from formulation F2 are also presented in Fig. 5(a) and
(b). The bandwidth characteristics of this configuration are shown in
Fig. 6(a) and (b). In general, introduction of a trough of a width less
than the ridge width has detrimental effect on both the cutoff and
bandwidth of the guide, and the effect is worse for wider troughs.
This is to be expected since a wide trough below a ridge makes the
structure look like a SRG with the sames=a but largerd=b.

IV. CONCLUSION

The authors have examined the cutoff, bandwidth, and impedance
characteristics of the RTW recently developed for waveguide to CPW
transition. From the authors’ theoretical results, the RTW in the
particular configuration of a ridge narrower than, and penetrating, the
trough appears attractive for applications requiring low impedance
levels. The bandwidth of the RTW in this configuration falls short of
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(a)

(b)

Fig. 6. Bandwidth�c1=�c2 versuss=a. All parameters and denotations as
in Fig. 5. (a)h=b = 0:4 and (b)h=b = 0:2.

the SRG bandwidth, but the cutoff wavelength can be substantially
larger. Thus, the properly designed RTW can be a broad-band low-
impedance transmission medium. The RTW in the other configuration
with a ridge wider than the trough appears less useful because the
trough lowers both the cutoff wavelength and bandwidth.
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Modal Scattering Matrix of the General
Step Discontinuity in Elliptical Waveguides

Pawe l Matras, Rainer Bunger, and Fritz Arndt

Abstract—In this paper, a direct mode-matching technique is proposed
for the calculation of the modal scattering matrix of nonconfocal, twisted,
and/or displaced step discontinuities in elliptical waveguides of different
cross sections. For the convenient treatment of the Mathieu functions, an
efficient trigonometric series expansion technique is used. As examples,
the scattering parameters are calculated for typical step discontinuities
demonstrating the flexibility of the method.

Index Terms— Mode-matching methods, waveguide discontinuities,
waveguide junctions.

I. INTRODUCTION

For the analysis of the step discontinuity at elliptical waveg-
uides, an efficient direct mode-matching technique has been recently
proposed [5]. The investigation was limited to the simple case of
confocal elliptic cross sections. The rigorous solution of the scattering
problem at the general (nonconfocal, twisted, and/or displaced)
discontinuity [see Fig. 1(a)], however, is required for the analysis
of more complicated structures such as displaced elliptic irises or
shaped horns. This paper presents, therefore, the extension of the
direct mode-matching technique to this general case.

II. THEORY

For a waveguide of elliptical cross section [cf. Fig. 1(b)] with the
focal distance2h, the wave equation for the corresponding transversal
eigenfunctionsT (�; �) = U(�)V (�) is given in elliptic coordinates
�, �, z by [4]

@2V

@�2
+ (a� 2q cos 2�)V = 0 (1)

@2U

@�2
� (a� 2q cosh 2�)U = 0 (2)
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